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Chaos in a two-spin system with applied magnetic field
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We observe both classical and quantum chaos in a system of two interacting magnetic moments in an
applied magnetic field. Chaos in the classical system, as seen in the Paindae of section, and chaos in
the quantum system, as indicated by the changing patterns of the quantum web, appear at the same value of the
applied magnetic field parameter. The signatures of chaos disappear in both the classical and quantum systems
at a larger value of the field parametg$1063-651X98)04502-4

PACS numbes): 05.45:+Db, 75.10.Hk, 75.10.Jm

The effects on a quantum system of a transition to chao a nonzero applied field is nonintegrable. To test this hy-
in its classical counterpart have proved important in explainpothesis, Poincarsurfaces of sectiofPSS$ were generated
ing several physical phenomefik—6]. In this paper we fo- for increasing values of the magnetic field parameter
cus on these effects in a two-spin system. In a series 0£0.02, 0.2, 0.5, and 2.5 and are presented in Fig. 1. The four
articles[7—9], Magyariet al. and Srivastavat al. have pro- Bhase-space variables chosen 0>,41.05) and the
vided insight into the origin of the phenomenon of level Poincaresurfaces of section were taken with=m/2 and
repulsion as well as demonstrated the appearance of classidd™0. The change of variable§—m—6;, i=1,2, leaves
and quantum chaotic effects in a model of the interactiorthe energy and the sign @, unchanged, so this transforma-
between two neighboring atoms similar to that in a ferromagtion is a symmetry of the Poincasections.
netic lattice. Here we investigate the transition to chaos for At N=0.02, an elliptic fixed point appears atgp{
the case in which a magnetic field is applied to the two~2.4,0,==/2) and a hyperbolic fixed point appears at
neighboring atoms. This effect may prove important in un-(0.8,7/2). The unusual folded structure at the bottom and top
derstanding the behavior of thin magnetic films. of the PSS can be attributed to the singularity in the equation

Our model Hamiltonian for two localized quantum spins of motion for ¢:

~

H=Hyy+Hy=—=3(01x00xF+ 01y02y) T M(01xF 072) @ $1=C0t0;5in0,c0q b1 — ¢,) —\cotb;sing;  (3)
consists of arxy model interaction between the two spins as6;—0. At A=0.2, there is a series of elliptic fixed points
and an interaction with an applied magnetic field in the on the §,==/2 line and a prominent separatrix at the
direction, with the coupling between the spin magnetic mo{—0.8:7/2) fixed point. The circulation of trajectories
ments and the applied magnetic field parametrizedl bjhe ~ around the empty elliptical regions ned,0.2 and (0,2.9

Hamiltonian H of the system is a constant of the motion
When\ =0, this system has a second constant of the motion,

~

0,= 01,1 0y, 2

as may be verified using the angular momentum commuta-
tion relations[ oy, 04y ]=if oy, for spinsi=1,2 and cyclic
permutations ok,y,z. The classical limit of this system is
established by allowingz—0 and o—« such that
fiNo(o+1)=S, whereS is some fixed finite value. This
produces a classical system of two angular mom&atand

§2 interacting via the Hamiltoniarlr-l(§1,§2)=—J(SlxszX
+S51,Syy) + M (Six+S,4) and obeying the mean-field equa-
tion of motion dS/dt=—SXxaH/aS,. The classical spins

S = S(sing,cosp, ,sind;sing, ,cod;) can also be expressed
in terms of canonical coordinates=S cosg andq,= ¢, , SO
that the two spins form an autonomous Hamiltonian system
with two degrees of freedof®].

Let us first investigate the classical system. The presence G, 1. poincaresurfaces of sections for they model with
of the second quantum invariant, in the zero-fieldxy in-  increasing values of the magnetic field parameteEach of the
teraction guarantees the integrability of the zero-field classifour sections is taken at ener@y= — 0.1 for a set of initial condi-
cal system. An initial search for a second classical invariantions spanning thed;, 6;) plane:(a A=0.02,(b) A\=0.2, (c) A
in the A #0 case suggests, however, that the two-spin syster 0.5, and(d) A =2.5.
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appears to be caused by the absence of solutions for th
fourth phase-space variablg, at the energyE=—0.1 in
these regions. The scattering of points characteristic of chao
in Poincaresections has clearly appeared in portions of this
PSS.

With an increase of the field parameter Xe=0.5, the
areas of chaos have become widespread, as has the region
points with no solution for the fourth phase-space variable.
Finally, atA =2.5, the section has returned to an almost in-
tegrable appearance, with continuous curves and no visible : © @
regions of scattered points. This may be understood as th '
parameter regime in which the magnetic field interaction be-
gins to dominate thexy interaction, so that the PSS re-
sembles the Poincarsection of the integrable modet
=S+ S,,. Overall, we observe the largest amount of clas- 100
sical chaos present for the parameter value0.5 and we o0
might expect that the signatures of quantum chaos woulc 26 15 05 05 15 60 40 20 00 20 40
also be most apparent at this value.

Srivastavaet al. [11], following a method due to Peres . .
[10], established that an unde?standing of the changes in FIG. 2. Quantum webs of simultaneous eigenstates foxihe
level spacing statistics characteristic of quantum chaos m odel W'Fh ncreasing values Of. the magnetic field para_mmer

- - - . he two interacting quantum spins have spin number20: (a)
be gained by creating a quantum web of simultaneous €IgeN_ 5 02 (b) A=0.2, (c) A=0.5, and(d) \=2.5
states of the Hamiltonian and a second commuting operator. ' o o A
In examining the quantum system, let us concentrate on thihe quantum web is accurate and can be explained by the
guantum chaotic effect of a disturbance in the structure of theorrespondence of classical tori and quantum eigenstates
quantum web of simultaneous eigenstates. In the case of thBrough semiclassical quantizatiphl]. We can clearly see
unperturbed system, th}gz invariant defined above could be that the amount of disruption of the regular web of states in
used as the second commuting operator, but in the modé#he quantum web parallels closely the amount of chaos
with nonzero applied field it is necessary to use Peres’s idegresent in the PSS, increasing to a maximum at0.5 be-
of the time average of an operator that does not commuttore decreasing to a negligible amountat 2.5.
with the Hamiltonian as the second invariant in the system. In conclusion, the Poincarsections of two interacting
Here the invariam\/&—f is selected, following the choice in classical spins in an applied magnetic field refleqt thg pres-
the study of Srivastavat al. The level repulsion effects of €NC€ of chaos and the absence of a seco_nd classical invariant
quantum chaos take place between states of one given syrld the quantum webs of the corresponding quantum system

metry class of the geometrical symmetries of the system?how the signature of quantum chaos in_the disruption of the
which in this case consist of the parity operaﬁ)exchang- regular pattern of the quantum web. This represents a clear

ing the two spins and the 180° spin-space rotatii). effect of quantum chaos in a system related to large ferro-

The quantum webs presented here therefore represent Sta{gggnetlc lattices in applied magnetic fields, which are used

from only a single symmetry class, that with eigenvaluesIn magnetic field sensors and hard-disk dri/#8], and sug-

(1,—1) for the two geometrical symmetry operators. gests that_t_he effectg of chao_s in thosg Iarger systems may be
The resulting quantum webs are pictured in Fig. 2. ThemOSt significant for intermediate applied fields.

spin magnituder=20 was chosen because it gave rise to the We wish to acknowledge the Welch Foundati@Brant

largest Hamiltonian matrix size that could be handled reaNo. 105) for partial support and the University of Texas

sonably by the available computing power. The impressiorHigh Performance Computing Center for the use of its facili-

that smooth curves can be drawn through families of states ities.
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